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ABSTRACT

Although 2.5D sound field synthesis with a circular loudspeaker ar-
ray can be used in a 3D sound field, a 2D sound field, instead of a
3D sound field, is assumed for a sound field recording with a cir-
cular microphone array. This paper presents a horizontal 3D sound
field recording and 2.5D synthesis method used in 3D sound fields
with multiple co-centered omni-directional circular microphone ar-
rays and a circular loudspeaker array without vertical derivative mea-
surements. The spherical harmonic spectrums used for 2.5D synthe-
sis are extracted from the recorded horizontal sound pressures and
the driving function of a circular sound source is analytically de-
rived based on 2.5D higher-order Ambisonics. The results of com-
puter simulations indicate the effectiveness of the proposed method,
in comparison with the conventional least squares-based pressure
matching, and 2D cylindrical harmonic analysis-based approaches.

Index Terms— Horizontal 3D sound field recording, 2.5D
sound field synthesis, circular array, spherical harmonic analysis,
Ambisonics

1. INTRODUCTION

A 3D interior sound field can be recorded with a spherical micro-
phone array mounted onto a spherical rigid baffle [1] and synthesized
with a surrounding spherical loudspeaker array based on 3D higher-
order Ambisonics (HOA) [2–4]. 3D HOA is based on the spherical
harmonic expansion of a 3D sound field [5]. However, in 3D HOA, a
large amount of microphones and loudspeakers more than (N + 1)2

elements are required for higher accuracy recording and synthesis
with a maximum spherical harmonic order of N [6]. Therefore, it is
not easy to implement these spherical arrays with a large number of
microphones and loudspeakers in an actual environment.

To reduce the number of microphones and loudspeakers and re-
alize practical applications, circular microphone and loudspeaker ar-
rays, instead of spherical ones, are often introduced in the horizontal
plane. When using 2D microphone and loudspeaker arrays, height-
invariant 2D sound fields, both in recording and synthesis environ-
ments with height-invariant 2D line receivers and sources, must be
considered. However, the actual environments are 3D sound fields,
and the 3D omni-directional receivers and sources are often used in
circular microphone and loudspeaker arrays, instead of 2D line re-
ceivers and sources.

Sound field synthesis methods with 2D linear and circular loud-
speaker arrays in 3D sound fields are known as 2.5D sound field
synthesis [4, 7–18]. Although there is a restriction that the correct
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sound pressures are only synthesized on a reference line or circle
due to the dimension mismatch between the 2D array geometry and
the 3D loudspeaker’s propagation [15, 17], 2.5D sound field synthe-
sis with 2D linear and circular loudspeaker arrays can be used in a
3D sound field.

On the other hand, a sound field recording with a circular ar-
ray of 3D omni-directional microphones cannot be used in a 3D
sound field because the recorded sound field is typically decomposed
into 2D cylindrical harmonic spectrums that cannot represent the 3D
sound field. Because of this problem, in existing sound field record-
ing and synthesis methods with 2D circular and linear microphone
and loudspeaker arrays, a 2D sound field is assumed in the primary
recording field, and the recorded 2D sound field is synthesized by
2D [19–21] and 2.5D synthesis [8, 10, 12]. To avoid this problem,
a spherical microphone array is introduced in the recording of a 3D
sound field for 2.5D synthesis [16].

To record a 3D sound field with 2D planar microphone arrays,
a method with multiple co-centered circular microphone arrays in
the horizontal plane has been proposed [22–24].1 By using these
arrays, spherical harmonic spectrums Ǎmn can be estimated and the
recorded primary sound field can be reconstructed. However, this
method must record not only the sound pressures, but also their ver-
tical derivatives, because the recorded sound pressures can only esti-
mate Ǎmn for n+|m| even, and their vertical derivatives can estimate
those for n+ |m| odd. Therefore, this approach requires differential
microphones or twice the number of omni-directional microphones
for measuring both the sound pressures and their vertical derivatives.

To realize sound field recording and synthesis with the 2D mi-
crophone and loudspeaker arrays used in 3D sound fields, this study
first considered that only a sound pressure measurement with multi-
ple co-centered circular microphone arrays is sufficient for 2.5D syn-
thesis with a circular loudspeaker array, because the 2.5D synthesis
also includes only spherical harmonic spectrums Ǎmn for n + |m|
even. This paper presents a horizontal 3D sound field recording and
2.5D synthesis method used in 3D sound fields with multiple co-
centered omni-directional circular microphone arrays and a circular
loudspeaker array. The processing flowchart of the proposed ap-
proach is illustrated in Fig. 1. In comparison with the conventional
2D sound field recording and 2.5D synthesis methods [8,10,12], the
proposed approach can be entirely used in 3D sound fields. Addi-
tionally, the proposed method uses half the numbers of microphones
in comparison with the original planar array method [22–24]. More-
over, the proposed method can estimate the spherical harmonic spec-
trums with a maximum order of N in the horizontal plane by using
fewer than (N + 1)2 microphones used in a spherical array.

1This approach is extended to 3D sound field control with 2D planar loud-
speaker arrays [25, 26] based on the acoustic source and receiver reciprocity.
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Fig. 1. Processing flowchart of proposed horizontal 3D sound field recording and 2.5D synthesis scheme: (a) recording horizontal 3D sound
field S(r, π/2, φ) with multiple co-centered omni-directional circular arrays; (b) estimating spherical harmonic spectrums Amn for n + |m|
even from recorded horizontal sound pressures; (c) converting estimated spherical harmonic spectrums into driving function D(r0) and
synthesizing horizontal 3D sound field with a circular loudspeaker array based on 2.5D higher-order Ambisonics.

2. 3D SOUND FIELD IN HORIZONTAL PLANE

The interior expansion of a 3D sound field in a homogeneous region
free of sources is given as:

S(r, θ, φ) =

∞∑

n=0

n∑

m=−n
Ǎmn jn(kr)Y mn (θ, φ), (1)

where Ǎmn and jn are the spherical harmonic spectrums of the in-
terior sound field, and the n-th order spherical Bessel function, k is
the wavenumber [5];

Y mn (θ, φ) =

√
(2n+ 1)

4π

(n− |m|)!
(n+ |m|)!P

|m|
n (cos θ)

︸ ︷︷ ︸
P|m|

n (cos θ)

ejmφ (2)

is the spherical harmonics; P |m|n is the associated Legendre func-
tion [27].

To consider a 3D sound field in the horizontal plane with θ =
π/2, (1) is represented as:

S(r, π/2, φ) =

∞∑

n=0

n∑

m=−n
Ǎmn jn(kr)P |m|n (0)ejmφ, (3)

where only Ǎmn for n + |m| even is present because P |m|n (0) = 0
for n + |m| odd [22]. To obtain Ǎmn for n + |m| odd components,
the vertical derivatives of P |m|n (0) are also required and can be mea-
sured by differential microphones or microphone pairs in the hori-
zontal plane [22]. Thus, not only omni-directional, but also verti-
cal differential microphones, are required to estimate the entire 3D
sound fields [22]. However, as shown in (17), the driving function
of the 2.5D synthesis with a circular loudspeaker array also includes
P |m|n (0) and only has Ǎmn for n + |m| even components. There-
fore, only omni-directional components are sufficient in the record-
ing stage when the recording objective regards the 2.5D synthesis.

3. PROPOSED METHOD

3.1. Horizontal 3D sound field recording with multiple co-
centered omni-directional circular microphone arrays

From (3), a continuous circular sound pressure distribution centered
at the origin of the x-y plane (θ = 0) is converted into 2D cylindrical

harmonic spectrums [5] and represented as:

S̊m(r) =
1

2π

∫ 2π

0

S(r, π/2, φ)e−jmφdφ (4)

=

∞∑

n=|m|
Ǎmn jn(kr)P |m|n (0). (5)

When the maximum spherical harmonic order isN and the radius of
the circle is Rq , (5) is represented as

S̊m(Rq) '
N∑

n=|m|
Ǎmn jn(kRq)P |m|n (0). (6)

By introducing multiple radii (q = 1, 2, · · · , Q) to (6), it can be
represented in matrix form:

S̊m = U |m|Ǎ
even
m , (7)

where

S̊m =
[
S̊m(R1), S̊m(R2), · · · , S̊m(RQ)

]T
, (8)

U |m| =




U
|m|
|m| (kR1) U

|m|
|m|+2(kR1) · · · U

|m|
N (kR1)

U
|m|
|m| (kR2) U

|m|
|m|+2(kR2) · · · U

|m|
N (kR2)

...
...

...
...

U
|m|
|m| (kRQ) U

|m|
|m|+2(kRQ) · · · U

|m|
N (kRQ)



,

(9)

U |m|n (kR) = jn(kR)P |m|n (0), (10)

and

Ǎ
even
m =

[
Ǎm|m|, Ǎ

m
|m|+2, · · · , ǍmN

]T
, (11)

in the case where both N and m are either odd or even otherwise
replace N in (9) and (11) by N − 1. Then, 3D spherical harmonic
spectrums Ǎmn for n + |m| even can be obtained from multiple co-
centered omni-directional circular sound pressure distributions [22]:

Ǎ
even
m =

(
UT
|m|U |m|

)−1

UT
|m|S̊m, (12)

as described in Figs 1(a) and (b).



3.2. 2.5D sound field synthesis with a circular loudspeaker array

A sound field synthesized by a continuous circular sound source dis-
tribution with a radius r0 centered at the origin of the x-y plane is
given as:

S(r, θ, φ) =

∫ 2π

0

D(r0)G3D(r, r0)r0dφ0, (13)

where G3D(r, r0) is the transfer function from a sound source po-
sition r0 = [r0, π/2, φ0]T to a receiver position r. Under the free-
field assumption, G3D(r, r0) is the 3D free-field Green’s function
and given as [5]:

G3D(r, r0) =
ejk|r−r0|

4π|r − r0|
. (14)

When assuming an interior sound field, G3D(r, r0) can be repre-
sented by the spherical harmonic expansion and given as [5]:

G3D(r, r0) = jk

∞∑

n=0

n∑

m=−n
jn(kr)hn(kr0)Y mn (θ, φ)Y mn (θ0, φ0)∗,

(15)

where hn is the n-th order spherical Hankel function of the first
kind [5]. By applying the 2D cylindrical harmonic expansion to (13),
the circular convolution theorem holds and (13) can be represented
as:

S̊m(rref) = 2πD̊mG̊m(rref , r0), (16)

where rref is the reference radius for 2.5D synthesis with a circular
source. From (15), G̊m(rref , r0) is obtained as:

G̊m(rref , r0) = jk

∞∑

n=|m|
jn(krref)hn(kr0)P |m|n (0)2. (17)

This equation indicates that the driving function of 2.5D synthesis
with a circular sound source also includes P |m|n (0), and only has
Ǎmn for n + |m| even components. Then, the cylindrical harmonic
spectrums of the driving function D̊m for synthesizing a horizontal
sound field Ǎnm for n+ |m| even estimated in (12) were analytically
derived from (5), (16), and (17) [4]:

D̊m =

∑∞
n=|m| Ǎ

m
n jn(krref)P |m|n (0)

2π
∑∞
n=|m| jkjn(krref)hn(kr0)P |m|n (0)2

. (18)

The driving function of 2.5D HOA with a reference radius
rref = 0 has been derived [4, 9, 13] and can synthesize a more accu-
rate sound field in comparison with rref > 0. To extend the driving
function of the proposed method into that with rref = 0, L’Hôpital’s
rule [28] is also applied in (18). The driving function with rref = 0
is then obtained [4]:

D̊m

∣∣∣
rref=0

=
Ǎm|m|

2πjkh|m|(kr0)P |m||m| (0)
. (19)

(19) is obviously simpler than (18) because there are no summation
terms and it is thus calculated only from Ǎm|m| components.

The continuous multiple co-centered omni-directional circular
sound pressure distributions and a circular source are finally dis-
cretized into multiple co-centered omni-directional circular micro-
phone arrays and a circular loudspeaker array [20]. Using the pro-
posed approach, a horizontal 3D sound field recorded with multiple
co-centered omni-directional circular microphone arrays can be syn-
thesized with a circular loudspeaker array based on 2.5D HOA, as
shown in Fig. 1.

4. COMPUTER SIMULATIONS

Computer simulations evaluated the proposed approach and com-
pared it with the conventional least squares-based pressure matching
(PM) method [29, 30] and 2D cylindrical harmonic analysis-based
recording and 2.5D synthesis approach [10]. In all the simulations,
a 3D free field was assumed and speed of sound c was 343.36 m/s.

In the recording stage, five co-centered omni-directional circu-
lar microphone arrays were introduced in the horizontal plane, and
these radii were set to 0.4, 0.35, 0.3, 0.25, and 0.2 m, respectively.
The target frequency band was up to 1 kHz. The maximum order
was obtained as N = dekRq,max/2e = 10 [6] and the number of
microphones on each circular array was calculated as 21, 19, 17,
15, and 11, according to an array design procedure provided in [22].
Then, the total number of microphones was 83, which is fewer than
(N + 1)2 used in a spherical microphone array.

In the synthesis stage, the radius of a circular loudspeaker array
was r0 = 0.75 m and the number of loudspeakers was 21, according
to maximum order N = 10. To evaluate the estimated spherical
harmonic spectrums, the reconstructed sound field in the horizontal
plane was calculated by (3) up to a maximum order of N = 10.

To compare the proposed method with the conventional 2D
cylindrical harmonic analysis-based recording and 2.5D synthesis
approach, the 2D sound field recording with multiple circular ar-
rays [20] and the 2.5D HOA for 2D sound field synthesis [9, 13]
were directly combined. The 2D cylindrical harmonic spectrums
were estimated from the recorded sound field S̊m(Rq), as follows:

Åm =
S̊m(Rq)

Jm(kRq)
, (20)

where Jm is the m-th order Bessel function, and Rq was selected
from the radii of the multiple circular microphone arrays for the
maximum value of |Jm(kRq)|, so as to avoid forbidden frequen-
cies [20,31]. Then, the driving function of the 2.5D synthesis for the
estimated 2D sound field was obtained [9, 13]:

D̊m,cyl =
ÅmJm(krref)

2π
∑∞
n=|m| jkjn(krref)hn(kr0)P |m|n (0)2

. (21)

Similar to (19), the L’Hôpital’s rule was also applied in (21) [9, 13]:

D̊m,cyl

∣∣∣
rref=0

=
Åmsgn(m)|m|(2|m|+ 1)!!

2|m||m|!2πjkh|m|(kr0)P |m||m| (0)2
, (22)

where sgn is the sign function. Additionally, to evaluate the esti-
mated 2D cylindrical harmonic spectrums, the reconstructed sound
field in the horizontal plane was calculated as [5]:

S(r, π/2, φ)) =

N∑

m=−N
Jm(kr)Åme

jmφ. (23)

In all the simulations, rref was set to 0 m and the driving func-
tions of (19) and (22) were used. In the PM method, the truncated
singular value decomposition [32] with 40 dB was introduced to cal-
culate the stable driving signals. The maximum order of the 2.5D
HOA for the 2D sound field synthesis was also obtained and used up
to N = 10. The two sound source locations in the recording sound
field were s = [2, 2, 0]T and [2, 2, 2]T in Cartesian coordinates.

To estimate the reconstructed and synthesized sound field, the
reconstruction / synthesis error at position r is defined as

E(r) = 10 log10

|Sorg(r)− Srec/syn(r)|2
|Sorg(r)|2 , (24)
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Fig. 2. Results of (a) original sound field; (b)-(f) reconstruction and synthesis errors in horizontal plane for two primary sound source locations
of s = [2, 2, 0]T and [2, 2, 2]T and frequency f = 500 Hz (b) reconstructed from estimated Åm; (c) reconstructed from estimated Ǎmn ;
(d) synthesized by pressure matching (PM) method; (e) synthesized by 2.5D HOA for 2D sound field Åm; (f) synthesized by 2.5D HOA for
horizontal 3D sound field Ǎm|m|. White circles in (a) and black circles in (d)-(f) represent microphones and loudspeakers, respectively.
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Fig. 3. Results of averaged synthesis error in horizontal plane for r ≤ 0.2 m and 100 Hz ≤ f ≤ 1 kHz: (a) primary recording sound field is
2D plane wave; (b) source position in primary sound field is s = [2, 2, 0]T; (c) source position in primary sound field is s = [2, 2, 2]T.

where Sorg(r) and Srec/syn(r) are the original and reconstructed /
synthesized sound pressures at position r, respectively. Addition-
ally, the averaged synthesis error for r ≤ 0.2 m was also calculated
to evaluate the synthesis accuracy around the array center, including
an additional case where the primary recording sound field was a
height-invariant 2D plane wave with unity amplitude.

Figures 2 and 3 present the results of the reconstruction and syn-
thesis errors for a frequency of f = 500 Hz, and the averaged syn-
thesis error for 100 Hz ≤ f ≤ 1 kHz.

These results suggest that the proposed method can more accu-
rately synthesize the horizontal 3D sound fields recorded by multi-
ple circular microphone arrays compared with the conventional PM
and 2D analysis-based approaches, particularly in the case where the
primary sound source is not located in the horizontal plane. This is
because the proposed approach can correctly estimate 3D spherical
harmonic spectrums Ǎmn for n + |m| even, and extract only Ǎm|m|
components. When the primary field is a 2D plane wave, the con-
ventional 2D analysis-based method can be used to achieve high ac-
curacy. However, the PM and 2D analysis-based approaches cannot
correctly synthesize the horizontal 3D sound field, particularly in the
case of s = [2, 2, 2]T because the 3D sound fields include not only

horizontal but also vertical components. However, these methods
cannot extract the horizontal components from the 3D sound fields.

Consequently, the proposed approach can effectively record a
horizontal 3D sound field and synthesize it using omni-directional
circular microphone and loudspeaker arrays without vertical deriva-
tive measurements. Additionally, the proposed method can estimate
the spherical harmonic spectrums with a maximum order ofN using
fewer than (N + 1)2 microphones used in a spherical array.

5. CONCLUSIONS

This paper proposed a horizontal 3D sound field recording and 2.5D
synthesis method with multiple co-centered circular microphone ar-
rays and a circular loudspeaker array without vertical derivative mea-
surements. The spherical harmonic spectrums used for 2.5D syn-
thesis were extracted from the recorded horizontal sound pressures
and the driving function of a circular sound source was analytically
derived. The results of computer simulations validated the effective-
ness of the proposed method compared with the conventional PM
and 2D cylindrical harmonic analysis-based approaches.
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