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ABSTRACT

This paper proposes analytical methods for generating acoustically
bright and dark zones on the horizontal plane using circular loud-
speaker arrays without and with a cylindrical rigid baffle. Both
sound fields on the horizontal plane produced by continuous cir-
cular monopole source distributions without and with a rigid baffle
are analytically calculated using 2.5D sound field representation de-
rived from the 3D cylindrical harmonics expansion. Efficient spatial
filters in the spatial Fourier series domain are analytically derived by
modeling sound pressures at the control circle as a rectangular win-
dow that corresponds to bright and dark zones. The computer sim-
ulation results show that the proposed methods can generate bright
and dark zones near the loudspeakers more accurately than conven-
tional least squares and beamforming methods.

Index Terms— Multiple sound zones, personal audio system,
circular loudspeaker array, beamforming, cylindrical harmonics ex-
pansion

1. INTRODUCTION

Generating acoustically bright and dark zones [1] and multiple
sound zones are important and challenging acoustic communica-
tion techniques. They are useful not only for personal sound sys-
tems [2–8] but also for multilingual guide services and other vir-
tual reality applications. Many methods have been proposed that
control both the acoustic contrast and the energy between two
spaces [1,3–6,9–14] and reproduce multiple sound fields [8,15–19]
using multiple loudspeakers. For realizing personal audio systems
and multiple sound zones, these approaches are more effective than
beamforming methods [2, 20–22], which maximize the energy to
the target direction with the given input source power.

Most existing methods are based on the least squares solu-
tion numerically calculated using the control points and the loud-
speaker positions [1, 3–6, 11, 17]. Such methods, however, are
quite unstable because the acoustic inverse problem is very ill-
conditioned [23]. This problem is the same in the least squares
based pressure-matching method [24].

Analytical approaches, on the other hand, have been proposed
for generating bright and dark zones at arbitrary horizontal positions
with arbitrary width using a linear sound source [10, 12]. These
methods are based on the spectral division method (SDM) [25],
which is a sound field reproduction scheme, and spatial filtering in
the wavenumber domain. This method [12] can generate bright and
dark zones more efficiently than the conventional energy difference
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maximization method [9]. However, as sound field reproduction us-
ing linear loudspeaker arrays [25, 26], this method is based on the
continuous linear distributions of sound sources, and many loud-
speakers and a large production space are required.

To generate bright and dark zones using a compact loudspeaker
array suited for practical implementations, this paper proposes new
analytical methods for open and baffled circular loudspeaker arrays
that reduce the number of loudspeakers and the production space.

Pressure-matching and mode-matching beamforming methods
using a circular loudspeaker array mounted on a cylindrical rigid
baffle have been proposed [20, 21, 27–29]. These methods, how-
ever, cannot precisely control sound field near the loudspeakers be-
cause the formulations in [27–29] include the far field approxima-
tion used in [23] and a horizontal far field is assumed in [20,21]. To
control sound field near the loudspeakers effectively, the proposed
methods derive analytical solution without far field approximation.
Moreover, they can control sound field using an open circular loud-
speaker array (without a baffle) suited to be combined with visual
applications.

The proposed methods are based on 2.5D sound field repre-
sentation [25, 30] analytically derived from the 3D cylindrical har-
monics expansion [23] for a continuous circular sound source, and
bright and dark zones are generated outside a circular source on the
horizontal plane. Firstly, both sound fields on the horizontal plane
produced by continuous circular sound sources without and with a
cylindrical baffle are analytically derived. After that, as a method
based on SDM using a linear sound source [12], efficient spatial fil-
ters in the spatial Fourier series domain are also analytically derived
by modeling sound pressures at the control circle as a rectangular
window that corresponds to bright and dark zones.

2. 2.5D SOUND FIELD REPRESENTATION FOR
CONTINUOUS CIRCULAR MONOPOLE SOURCE

DISTRIBUTIONS

For actual implementations, sound field reproduction systems are
frequently simplified to be reproduced in the horizontal plane. Then
the secondary sources are arranged on a line or a circle. In actual
implementations, monopole sources instead of line sources are usu-
ally employed for secondary sources. Such approaches are called
2.5D sound field reproduction [25, 30]. In this section, 2.5D sound
representation for continuous circular sound sources on the horizon-
tal plane is analytically derived from the 3D cylindrical harmonics
expansion.
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Figure 1: Definition of cylindrical coordinates r = [r, ϕ, z]T rela-
tive to Cartesian coordinates x = [x, y, z]T.

2.1. Sound field due to a cylindrical sound source

To describe precise horizontal sound field produced by a continuous
circular monopole source distribution, the sound field produced by
a continuous cylindrical sound source is introduced as in [31].

As in [23], cylindrical coordinates r = [r, ϕ, z]T relative to
Cartesian coordinates x = [x, y, z]T are defined in Fig. 1. As
in [31, 32], the sound pressure P (r, ω) synthesized at position r =
[r, ϕ, z]T by a continuous cylindrical sound source with radius r0
is given as

P (r, ω) =

∫ 2π

0

∫ ∞

−∞
D(r0, ω)G(r, r0, ω)r0dz0dϕ0, (1)

where ω = 2πf denotes the radial frequency, f represents the tem-
poral frequency, D(r0, ω) stands for the driving function of a cylin-
drical sound source at r0 = [r0, ϕ0, z0]

T and G(r, r0, ω) is the
transfer function from a sound source position r0 to a receiver po-
sition r.

2.2. Sound field due to a cylindrical source without a baffle

When a continuous cylindrical sound source is assumed to be acous-
tically transparent and under the free-field assumption, G(r, r0, ω)
in (1) is the three-dimensional free-field Green’s function [23].

When r > r0, using the two-dimensional spatial Fourier trans-
form of the three-dimensional free-field Green’s function with re-
spect to ϕ and z derived in [23, 31], the 3D cylindrical harmonics
expansion of G(r, r0, ω) is represented as

Gopen(r, r0, ω) =
ejk|r−r0|

4π|r − r0|
(2)

=

∞∑

n=−∞

1

2π

∫ ∞

−∞

j

4
Jn(krr0)H

(1)
n (krr)e

jn(ϕ−ϕ0)ejkz(z−z0)dkz,

(3)

where j =
√
−1, k = ω/c, H(1)

n and Jn denote the wavenumber,
the n-th order Hankel function of the first kind and the n-th order
Bessel function of the first kind, respectively [23]. c is the speed of
sound and kr =

√
k2 − k2

z .

2.3. Sound field due to a cylindrical source with a rigid baffle

In the proposed method, a continuous circular sound source
mounted on the surface of a cylindrical rigid baffle with radius r0
and infinite length to the z-axis is assumed as in [20]. In [20], how-
ever, sound field on the horizontal plane due to a continuous circu-
lar source (z = 0) was only considered with the far field assump-
tion. When a continuous circular monopole source distribution is

assumed, precise representation of three-dimensional sound field
must be required for describing sound field on the horizontal plane
as conventional 2.5D sound field reproduction methods [25, 30].
In this subsection, the 3D cylindrical harmonics expansion of the
transfer function Gbaffled(r, r0, ω) from a sound source mounted
on a rigid cylinder r0 to a receiver r(r > r0) is analytically de-
rived.

As in [23, 32], given a rigid cylinder of radius r0, the inci-
dent field Pi(r, ω) and scattered field Ps(r, ω) are respectively de-
scribed as

Pi(r, ω) =

∞∑

n=−∞

1

2π

∫ ∞

−∞
Cn(kz, ω)Jn(krr)e

jnϕejkzzdkz,

(4)

Ps(r, ω) =

∞∑

n=−∞

1

2π

∫ ∞

−∞
An(kz, ω)H

(1)
n (krr)e

jnϕejkzzdkz,

(5)

where Cn(kz, ω) and An(kz, ω) are coefficients that depend on
the incident field. The sound pressure gradient on the surface
of the rigid baffle with radius r0 becomes zero and the relation
An(kz, ω) = −J ′

n(krr0)Cn(kz, ω)/H
(1)′
n (krr0), is obtained as

in [32], where J ′
n and H

(1)′
n are the derivatives of Jn and H

(1)
n , re-

spectively. If r = r0, the total sound field P (r, ω) = Pi(r, ω) +
Ps(r, ω) is given by the sum of the incident and scattered fields as

P (r0, ω) =

∞∑

n=−∞

1

2π

∫ ∞

−∞

2jCn(kz, ω)

πkrr0H
(1)′
n (krr0)

ejnϕ0ejkzz0dkz.

(6)

Whereas a plane wave is impinged in [20], for the case of a spherical
wave impinging from r (r > r0), the incident sound field Pi(r0, ω)
is obtained from (3) and represented as

Pi(r0, ω) =
ejk|r0−r|

4π|r0 − r|

=

∞∑

n=−∞

1

2π

∫ ∞

−∞

j

4
Jn(krr0)H

(1)
n (krr)e

jn(ϕ0−ϕ)ejkz(z0−z)dkz.

(7)

From (4) and (7), Cn(kz, ω) = (j/4)H
(1)
n (krr)e

−jnϕe−jkzz . Fi-
nally, using the principle of reciprocity between source and receiver
as in [20], the 3D cylindrical harmonics expansion of the transfer
function Gbaffled(r, r0, ω) from a sound source on a rigid cylinder
r0 to a receiver r(r > r0) is analytically derived from (6) and given
as

Gbaffled(r, r0, ω)

=

∞∑

n=−∞

1

2π

∫ ∞

−∞

−H
(1)
n (krr)

2πkrr0H
(1)′
n (krr0)

ejn(ϕ−ϕ0)ejkz(z−z0)dkz.

(8)

2.4. 2.5D sound field representation for continuous circular
sound sources without and with a rigid baffle

Sound pressure P (r, ω) synthesized at position r by a continuous
circular monopole source distribution with radius r0 centered at the
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origin on the x-y plane (Fig. 2) is also given as

P (r, ω) =

∫ 2π

0

D(r0, ϕ0, z = 0, ω)G(r, r0, ω)r0dϕ0. (9)

Just as in [30], when the spatial Fourier series expansion [23] is ap-
plied to (9) with z = 0, the circular convolution theorem holds and
the driving function of a circular sound source is directly derived as

D̊n(r0, ω) =
P̊n(r, ω)

2πr0G̊n(r, r0, ω)
. (10)

As in [30], the Fourier series coefficient functions of the hor-
izontal transfer function from a circular sound source with ra-
dius r0 to a reference circle r is analytically derived. For both
cases of circular sound sources without and with a cylindrical
rigid baffle, G̊open,n(r > r0, ω) and G̊baffled,n(r > r0, ω) are
derived from Gopen(r, r0, ϕ, ϕ0, z = z0 = 0, ω) in (3) and
Gbaffled(r, r0, ϕ, ϕ0, z = z0 = 0, ω) in (8), and given as

G̊open,n(r > r0, ω) =
1

2π

∫ ∞

−∞

j

4
Jn(krr0)H

(1)
n (krr)dkz, (11)

G̊baffled,n(r > r0, ω) =
1

2π

∫ ∞

−∞

−H
(1)
n (krr)

2πkrr0H
(1)′
n (krr0)

dkz. (12)

These transfer functions can precisely describe horizontal sound
fields produced by continuous circular monopole source distribu-
tions without and with a rigid baffle.

3. GENERATION OF MULTIPLE SOUND ZONES USING
A CIRCULAR SOUND SOURCE

3.1. Spatial filter modeling

For producing the sound signal S(ω) at a zone using a circular
source, optimal filter F (r0, ω) of a circular source is derived here.
The sound source driving function is then given as D(r0, ω) =
S(ω)F (r0, ω). S(ω) is independent on F (r0, ω) and set to 1.
In the proposed method, bright and dark zones are generated out-
side a circular source on the horizontal plane. Then D(r0, ω) =

F (r0, ω), and F̊n(r0, ω) = P̊n(r, ω)/2πr0G̊n(r > r0, ω).
As the SDM-based method [10,12], to generate bright and dark

zones at continuous receiver circle r = rref on the x-y plane,
P (rref , ϕ, 0, ω) is also continuously set to 1 or 0 at all the temporal
frequencies. The positions at P (r, ω) = 1 and 0 correspond to the
bright and dark points, respectively. For generating the bright zone
of width Φ centered around ϕ = ϕS at r = rref as shown in Fig. 2,
P (r, ϕ, 0, ω) is also modeled by a rectangular window and given as

P (rref , ϕ, 0, ω) =





1, for ϕS − Φ/2 ≤ ϕ ≤ ϕS +Φ/2

0, elsewhere.
(13)

The spatial Fourier series expansion is applied to (13) with respect
to ϕ, described as a sinc function [23], and represented as

P̊n(Φ, ϕS, ω) = Φsinc

(
nΦ

2π

)
e−jnϕs . (14)

The spatial filter in the spatial Fourier series domain for generating
bright and dark zones is then analytically derived as

F̊n(r0, rref ,Φ, ϕs, ω) =
Φsinc(nΦ/2π)e−jnϕs

2πr0G̊n(rref > r0, ω)
. (15)

y

x

z

r0

rref

Φ

φs

P (rref ,φ, 0,ω) = 1

P (rref ,φ, 0,ω) = 0
Dark zone

Bright zone

Circular sound source

Reference circle

Figure 2: Produced sound pressure P (rref , ϕ, 0, ω) modeled by
rectangular window at rref centered ϕs with width Φ.

Consequently, similar to the SDM-based method [12], a bright zone
of arbitrary width Φ can be generated at arbitrary horizontal di-
rection ϕs with rref > r0 by the proposed spatial filter in spatial
Fourier series domain F̊n(r0, rref ,Φ, ϕs, ω) using a continuous cir-
cular monopole source distribution.

3.2. Actual implementation using a circular loudspeaker array

For an actual implementation, a circular loudspeaker array instead
of a continuous circular source is used and (15) must be discretized.
When the number of loudspeakers is L and the array’s radius is r0,
the order n of the spatial Fourier series in (15) can be calculated
up to N = ⌊(L − 1)/2⌋, where ⌊·⌋ is the floor function. How-
ever, the spatial Fourier series at |n| > |kr0| is the evanescent com-
ponent and is quite large because of the inverse propagation when
rref > r0 [23]. To calculate a stable filter, n is up to N = ⌊|kr0|⌋
if ⌊|kr0|⌋ < ⌊(L − 1)/2⌋. Finally, the filter coefficient of each
loudspeaker at ϕl in the temporal frequency domain is obtained as

F (r0, ϕl, ω) =

N∑

n=−N

F̊n(r0, ω)e
jnϕl , l = 1, 2, · · ·L. (16)

The proposed methods can be realized by fewer loudspaekers
than in the SDM-based method using a linear loudspeaker array [12]
if the circular array’s radius is small.

4. EXPERIMENTS

Computer simulations were performed to evaluate the proposed
methods compared with conventional least squares (LS) based
pressure-matching methods [24] and beamforming (BF) methods
using circular loudspeaker arrays with and without a rigid baffle.

For the case of a circular array mounted on a rigid baffle, the an-
alytical beamforming solution proposed in [20] was used and com-
bined with the spatial filtering in (14) and given as

FBF,baffled(r0, ϕl, ω)

=

N∑

n=−N

kr0H
′
n(kr0)Φsinc(nΦ/2π)e

jn(ϕl−ϕs)

4j(1−n)
. (17)

Cn(kz, ω) = j−ne−jnϕs as in [20] and kz = 0 in (4), the beam-
forming filter combined with the spatial filtering in (14) for an open
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Figure 3: Results of produced sound pressure level with r0 =
0.25 m, f = 3 kHz, ϕs = π/4 and rref = 1.0 m. Blue
circles are loudspeakers with L = 32. Sound pressure level at
r = [r0 + 0.1, ϕs, 0]

T is set to 0 dB.

circular array is also analytically derived as

FBF,open(r0, ϕl, ω) =

N∑

n=−N

Φsinc(nΦ/2π)ejn(ϕl−ϕS)

2πj−nJn(kr0)
. (18)

In all the calculations, a three-dimensional free field was as-
sumed. The speed of sound c was 343.36 m/s. (8), (11) and
(12) were discretized as dkz → ∆kz = 0.01 and truncated as
−100 ≤ kz ≤ 100. A circular loudspeaker array with radius
r0 = 0.25 m was centered at the origin and located on the x-y
plane. The number of loudspeakers L was 32, which is half of pre-
vious experiments [12]. The reference circle’s radius for the pro-
posed methods was set to rref = 1.0 m. 32 control points were set
on rref for the LS methods. FLS,open and FLS,baffled were calcu-
lated using (2) and (8) in which n was also truncated within ±20,
respectively.

Similar to the previous work [12], for evaluating the sound pres-
sure level 20log10|P (r, ω)| between bright zone rb and dark zone

Temporal Frequency [kHz]
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 Proposed (open)
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Figure 4: Experimental results of bright to dark ratio BDR(ω) de-
fined in (19) with Φb = π/2 and Φd = 3π/2.

rd, the bright to dark ratio BDR(ω) was also defined as

BDR(ω) = 20log10

∑
rb

|P (rb, ω)| /Φb∑
rd

|P (rd, ω)| /Φd
, (19)

where Φb and Φb are the widths of the bright and dark zones, re-
spectively. For calculating (19), both were set around control circle
rref−0.2 ≤ r ≤ rref+0.2, the bright zone’s width was Φb = π/2,
and the dark zone’s width was Φd = 3π/2.

Fig. 3 shows the results of each sound pressure level produced
by conventional LS, beamforming and proposed methods for f =
3 kHz and ϕs = π/4, with Φ = π/4 and π/2, respectively. The
result of bright to dark ratio BDR(ω) with Φ = π/2 is depicted
in Fig. 4. These results indicate that both proposed methods gener-
ate bright and dark zones more accurately than conventional LS and
beamforming methods. Moreover, it is obvious that the BDR(ω)
result for the beamforming method using an open circular array is
quite unstable at forbidden frequencies where Jn(kr0) = 0 [23].
The proposed method for an open circular array, on the other hand,
introduces (11) based on 2.5D sound field representation instead of
Jm(kr0). The BDR(ω) result, however, suggests that the forbid-
den frequencies are not a problem in the proposed method for an
open circular array. Detailed analysis and discussion are required
as future work.

Consequently, the proposed spatial filtering based on 2.5D
sound field representation can efficiently control sound pressure
near the loudspeakers than conventional least squares and beam-
forming methods. The transfer functions derived in (11) and (12)
can also expect to be efficiently used for sound field reproduction
using circular loudspeaker arrays without and with a rigid baffle.

5. CONCLUSION

This paper proposed analytical methods to generate acoustically
bright and dark zones on the horizontal plane using circular sound
sources without and with a rigid baffle. The spatial filters in the
Fourier series domain were analytically derived by introducing
2.5D sound field representation for circular monopole source dis-
tributions. The proposed methods can be realized by fewer loud-
speakers than in the SDM-based method for a linear array. The
computer simulation results show that the proposed methods gen-
erate bright and dark zones near the loudspeakers more accurately
than conventional least squares and beamforming methods.
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